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Abstract
We review the hierarchy for the hyper-Ka¨hler equations and define a notion of symmetry for
solutions of this hierarchy. A four-dimensional hyper-Ka¨hler metric admits a hidden symmetry
if it embeds into a hierarchy with a symmetry. It is shown that a hyper-Ka¨hler metric admits
a hidden symmetry if it admits a certain Killing spinor. We show that if the hidden symmetry
is tri-holomorphic, then this is equivalent to requiring symmetry along a higher time and the
hidden symmetry determines a ‘twistor group’ action as introduced by Bielawski [3]. This leads
to a construction for the solution to the hierarchy in terms of linear equations and variants of the
generalised Legendre transform for the hyper-Ka¨hler metric itself given by Ivanov & Rocek [17]. We
show that the ALE spaces are examples of hyper-Ka¨hler metrics admitting three tri-holomorphic
Killing spinors. These metrics are in this sense analogous to the ’finite gap’ solutions in soliton
theory. Finally we extend the concept of a hierarchy from that of [8] for the four-dimensional
hyper-Ka¨hler equations to a generalisation of the conformal anti-self-duality equations and briefly
discuss hidden symmetries for these equations.
1
1 Introduction
It is well known that finding exact solutions to a nonlinear partial differential equation (PDE) is
greatly simplified by the existence of symmetries. In differential geometric language the symmetries
of a hyper-Ka¨hler structure or, more generally, anti-self-dual conformal structures in four dimen-
sions, correspond to (conformal) Killing vectors. Equations for hyper-Ka¨hler four-manifolds with
conformal Killing vectors have been studied and, in many cases, solved [11, 31, 9, 10].
Apart from natural Lie-point symmetries, integrable soliton equations possess infinitely many
hidden symmetries, which can also be effectively used to construct solutions. It is less well know
how to find such solutions in hyper-Ka¨hler geometry (although we will see that such solutions have
indeed been found in another guise, [3, 20, 17]). In this paper we shall show that hidden symmetries
correspond to Killing tensors and spinors (which, classically, occur in Riemannian geometry as
additional integrals of the geodesic flow) and propose two methods of finding hyper-Ka¨hler metrics
with such symmetries.
We start by briefly reviewing a beautiful construction of Novikov [24] which we shall posit as a
motivation and a guiding principle. Consider the Korteveg–de Vries (KdV) equation
ut1 = 6uux − uxxx, where u = u(x, t1), (1.1)
together with the associated hierarchy of equations for u(x, t1, t2, ...)
∂u
∂ti
=
∂
∂x
δHi
δu
. (1.2)
Here
H0 =
∫
1
2
u2dx, H1 =
∫ (1
2
ux
2 + u3
)
dx, H2 =
∫ (1
2
uxx
2 − 5
2
u2uxx +
5
2
u4
)
dx, ...
are constants of motions which can be found recursively by solving the Riccati equation. Imposing
a constraint
∂u
∂tk
+ c1
∂u
∂tk−1
+ ...+ ck
∂u
∂t0
= c0 (1.3)
reduces (1.1) to an ODE. This ODE is a completely integrable Hamiltonian system with k first
integrals in involution. In the simplest non-trivial case the solution is
x =
∫
du√
2u3 + c1u2 + 2c0u+ E
.
In the case of the KdV equation, it is then possible to proceed to obtain explicit formulae for such
solutions in terms of theta functions.
For a general integrable system, hidden symmetries are constructed systematically by studying
a hierarchy of commuting flows associated to the original equations. A hidden symmetry is then an
explicit point symmetry of the hierarchy which, in particular, include the higher flows themselves.
In this paper we shall propose an analogous construction of hidden symmetries for the hyper-
Ka¨hler equations in four dimensions and its integrable generalisations, which include quaternionic
structures in 4k dimensions. Recall that a four-dimensional Riemannian manifold (M, g) is hyper-
Ka¨hler if it admits three Ka¨hler structures ΣI , ΣJ and ΣK compatible with g and such that the
endomorphisms I, J , K given by g(IX, Y ) = ΣI(X,Y ), etc., satisfy IJ = K = −JI. To impose
higher symmetries on this system one needs to:
(1) reformulate the hyper-Ka¨hler condition on a metric as an integrable PDE (the heavenly equa-
tion),
(2) construct the associated hierarchy,
(3) look for solutions invariant under the hidden symmetries, and characterise twistor spaces
corresponding to these solutions.
2
Steps (1) and (2) were taken in [27], and [6, 30, 29, 8], respectively. We shall review the approach
taken in [8] in §2 which focusses on hierarchies associated to 4-dimensional hyper-Ka¨hler spaces.
This is generalised in §6 to give a hierarchy associated to general conformally ASD spaces both
in four dimensions and their higher dimensional generalisations such as quaternion Ka¨hler spaces.
The other sections deal with (3).
In §3 and §4 we discuss symmetry and hidden symmetry reduction in the context of the 4-
dimensional hyper-Ka¨hler equations. In §3 we first discuss and classify symmetries of solutions
to the hyper-Ka¨hler hierarchy. We use the well known twistor description [31] of the Gibbons-
Hawking solution as a guiding example in our analysis of the case of the hierarchy; we show
that when the symmetry is triholomorphic, the solutions of the reduced equations are linear and
we briefly discuss the corresponding twistor theory. The hyper-Ka¨hler hierarchy is in particular
foliated by four-dimensional Hyper-Ka¨hler manifolds that admit a hidden symmetry in a variant
of the Ivanov and Rocek construction [17].
In §4 we discuss hyper-Ka¨hler spaces with a hidden symmetry, defined to be a space that embeds
into a hierarchy that has a symmetry. In the general case, we show that a hidden symmetry
corresponds to the existence of a spinor KBB′
0
...B′
k
satisfying
∇(A(A′KB)B′
0
...B′
k
) = 0. (1.4)
When the hidden symmetry is ‘triholomorphic’ in an appropriate sense, we find that KBB′
0
...B′
k
=
∇B(B′
0
LB′
1
···B′
k
) for some spinor field LB′
1
···B′
k
satisfying
∇A(A′LB′
1
...B′
k
) = 0. (1.5)
A non-constant solution LA′
1
...A′
k
to the killing-spinor equation (1.5) is said to be a Killing spinor
of type (0, k) and is also sometimes known as a solution to the valence–(0, k) twistor equation. If
k = 2, then KAA′ = ∇AB
′
LA′B′ is a tri-holomorphic Killing vector of the given hyper-Ka¨hler space,
and the corresponding metric is of the Gibbons-Hawking form [12].
If the metric admits a hyper-Ka¨hler hidden symmetry and hence Killing spinor, then the cor-
responding twistor space admits a globally defined twistor function Q homogeneous of degree k.
This is because the existence of a Killing spinor implies that the twistor space of the hyper-Ka¨hler
hierarchy admits an action of a Hamiltonian vector field with Hamiltonian Q and factor space
O(k). The hyper-Ka¨hler twistor space therefore arises as an affine bundle over O(k), described
by a cohomology class f ∈ H1(CP1,O(2 − k)). The corresponding space-time can be determined
directly and the construction followed through to give explicit formulae for a basis of the self-dual
two–forms (and therefore for the metric).
In Section 5, we demonstrate that the asymptotically locally Euclidean (ALE) spaces con-
structed by Hitchin [15] and Kronheimer [18, 19] admit three triholomorphic hidden symmetries.
We show that the corresponding twistor spaces are elliptic fibrations over O(k) for some k, and the
transition functions defining these bundles can be found in terms of elliptic integrals.
Finally in §6 we extend the concept of a hierarchy from that of [8] for the four-dimensional
hyper-Ka¨hler equations to a generalisation of the conformal anti-self-duality equations and give a
brief discussion of hidden symmetries in this context.
The two-component spinor notation used in the paper is summarised in the appendix.
2 The hyper-Ka¨hler hierarchy.
Let M be a complex 4-manifold equipped with a holomorphic metric g and compatible volume
form ν; we shall refer to this triple as a space-time. For a four-manifold with metric, we have that
TM = S ⊗ S˜ where S and S˜ are the bundles of self-dual and anti-self-dual spinors respectively
each being rank two complex vector bundles on M. The metric connection necessarily preserves
this factorisation, and the hyper-Ka¨hler condition is equivalent to the condition that the induced
connection on S˜ be flat. (The I, J and K act trivially on the S˜ factor and on the S factor by Pauli
3
σ matrices.) This implies that, on translation of the 1-form indices to indices A,B, . . . denoting
membership of S and A′, B′, . . . denoting membership of S˜, the curvature has the form
RAA′BB′CC′DD′ = εA′B′CABCDεC′D′ , CABCD = C(ABCD) ,
where εAB and εA′B′ are skew, and εABεA′B′ induces the metric under TM = S ⊗ S˜. In four-
dimensions this amounts to the ASD vacuum equations
ΦABA′B′ = 0 R = 0 CA′B′C′D′ = 0, (2.6)
Here R is the Ricci scalar, ΦABA′B′ is the trace-free part of the Ricci tensor, and CA′B′C′D′ is the
SD part of the Weyl tensor (we use the conventions of Penrose and Rindler [26]).
We now show how the geometrical characterisation of the hyper-Ka¨hler equations and its hier-
archy can be reduced to a differential equations. We use a potential formulation, due to Pleban´ski
[27], based on the fact that the equations locally imply the existence of a complex-valued function
Θ and coordinate system (w, z, x, y) such that the metric is given by
g = 2dwdx+ 2dzdy − 2Θxxdz2 − 2Θyydw2 + 4Θxydwdz, (2.7)
and Θ satisfies so called second heavenly equation
Θxw +Θyz +ΘxxΘyy −Θxy2 = 0. (2.8)
The associated hierarchy is a differential equation with higher times generalising one of the for-
mulations of the hyper-Ka¨hler equations in terms of potentials. We introduce the coordinates
xAi, A = 0, 1, i = 0...n on a (2n + 2) dimensional manifold N . The dependent variable Θ(xAi)
satisfies the equations
∂Ai∂Bj−1Θ− ∂Bj∂Ai−1Θ+ {∂Ai−1Θ, ∂Bj−1Θ}yx = 0, i, j = 1...n. (2.9)
Here {..., ...}yx is the Poisson bracket with respect to the Poisson structure ∂/∂xA0 ∧ ∂/∂xA0. (In
order to make contact with the above for n = 1, put xA0 = (y,−x) and xA1 = (w, z) and note that
(2.8) is (2.9) with i = j = 1.)
This hierarchy has a Lax representation
LAiΦ = ∂Ai−1Φ + λ(∂AiΦ+ {∂Ai−1Θ,Φ}) = 0 (2.10)
where A = 0, 1, i = 1, . . . n, λ is an affine coordinate on CP1 and Φ(xAi, λ) is a function on N×CP1.
It is clear that this provides the point of contact with the abstract definition.
It is clear from the form of the equations (2.10) that the space N is foliated by 4-dimensional
hyper-Ka¨hler manifolds parametrized by xAi = constant for i ≥ 2.
In [8] the hierarchies were obtained both via a rescursion operator construction and via a twistor
construction. We shall summarize these constructions in the remaining part of this section.
Let
Θ = ∂x∂w + ∂y∂z +Θyy∂x
2 +Θxx∂y
2 − 2Θxy∂x∂y
denote the wave operator on the ASD background determined by Θ, and let WΘ =Ker Θ.
Proposition 2.1 [8]
(i) Elements of WΘ can be identified with linearised solutions δΘ (i.e. (Θ + δΘ) satisfies (2.8)
up to the linear terms in δΘ) of the heavenly equation (2.8).
(ii) Let (δΘ1δΘ2) ∈ WΘ × WΘ. The ‘recursion operator’ R is defined to be the subspace R ⊂
WΘ ×WΘ on which
∂y(δΘ2) = (∂w −Θxy∂y +Θyy∂x)δΘ1, −∂x(δΘ2) = (∂z +Θxx∂y −Θxy∂x)δΘ1 (2.11)
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Note that the recursion operator is only an operator in the usual sense when the subspace R can
be realized as a graph of a genuine operator R :WΘ −→WΘ given by the recursion relations
RδΘ = ∂−1y ((∂w −Θxy∂y +Θyy∂x)δΘ), RδΘ = −∂−1x ((∂z +Θxx∂y −Θxy∂x)δΘ). (2.12)
This identification with a genuine operator will only be possible when we impose appropriate
boundary conditions. However, for the definition of the hierarchy as a local system of equations,
we will need only the definition of R above.
The first few iterations can be explicitly integrated to give
w −→ y −→ −Θx −→ Θz −→ ..., z −→ −x −→ −Θy −→ −Θw −→ ... .
We introduce the new coordinates xAi, A = 0, 1, i = 0...n. For i = 0, 1, xAi = xAA
′
= (w, z, x, y)
are coordinates on M, and for 1 < i ≤ n, xAi are the parameters for the new flows (with 2n − 2
dimensional parameter space X). The propagation of Θ along these parameters is determined by the
recursion relations ∂Ai+1Θ = R∂AiΘ. However the consistency conditions imply that in addition
Θ satisfies the equations (2.9). with Lax system generated by the operators (2.10).
The twistor theory is summarised in the following:
Theorem 2.2 [8] There is a 1-1 correspondence between solutions to (2.9) on M×X and twistor
spaces PT n defined as follows.
The twistor space PT n is a three-dimensional complex manifold with the following structures
1) a projection µ : PT −→ CP1,
2) a section s : CP1 7→ PT of µ with normal bundle O(n) ⊕O(n),
3) a non-degenerate 2-form Σ on the fibres of µ, with values in the pullback from CP1 of O(2n).
4) The choice of coordinate systems and potential Θ in the second Plebanski form for the hierarchy
corresponds on the twistor space to a choice of point [oA
′
] ∈ CP1 and canonical homogeneous
degree n coordinates ωA (i.e., Σ = dω0 ∧ dω1) on a neighbourhood of the fibre of PT n over
[oA
′
] defined up to 2nth order away from this fibre.
Briefly, the space M× X is reconstructed as the moduli space N of deformations of the section s
given in condition (2) above. Then N is 2n+2 dimensional and we can introduce coordinates and
the function Θ as follows:
We use homogeneous coordinates piA′ = (pi0′ , pi1′) and affine coordinate λ = pi0′/pi1′ on CP
1
so that the point o is represented by oA′ = (0, 1), or λ = 0. The homogeneous coordinates ω
A
(i.e., (ωA, piA′) ≃ (cnωA, cpiA′) for c ∈ {C− 0}) can be pulled back to N × CP1 and the expansion
ωA = pin1′
∑n
i=0 x
A,iλi +O(λn+1) and this defines coordinates xA,i on N .
Expanding ωA further, we discover, as shown in [8], that the twistor coordinates ωA pulled back
to the correspondence space CP1 ×N can be expanded further as
ωn
0 = (pi1′ )
n[x0n + λx0n−1 + ...+ λnx00 + λn+1
∂Θ
∂x10
+ λn+2
∂Θ
∂x11
+ ...+ λ2n+1
∂Θ
∂x1n
+ ...] ,
ωn
1 = (pi1′)
n[x1n + λx1n−1 + ...+ λnx10 + λn+1
∂Θ
∂x00
+ λn+2
∂Θ
∂x01
...+ λ2n+1
∂Θ
∂x0n
+ ...] , (2.13)
and this determines Θ(xAi) (up to a constant) satisfying (2.9). The form of the Lax system (2.10)is
determined by the fact that ωB are solutions to LAiω
B = 0.
The form of the expansions (2.13) and equations (2.9) can be obtained from the fact that the
expansion of Σ = dω0 ∧ dω1 on N × CP1 in powers of λ must truncate after λ2n.
There is a 2n-dimensional distribution on the ‘spin bundle’ D ⊂ T (N × CP1) that is tangent
to the fibres of the projection N × CP1 −→ PT n. The distribution D has an identification with
O(−1)⊗ C2n and is generated by the Lax system (2.10).
This correspondence is stable under small perturbations of the complex structure on PT n
preserving (1-3).
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One can find the twistor spaces for the four-dimensional hyper-Ka¨hler slices given by xAi =
const., i ≥ 2 by taking a sequence of n− 1 blowups of points in the fibre over oA′ ∈ CP1, the choice
of point in the fibre to blow up at the n− i+ 1’th blowup corresponding precisely to the choice of
the values of xAi. If one wishes to respect Euclidean reality conditions, one can instead blow up
complex conjugate points in the fibres over oA′ and oˆA′ .
3 Symmetries of Hyper-Ka¨hler hierarchies
For a hyper-Ka¨hler space, we can characterise conformal symmetries as follows: let ΣA
′B′ =
(Σ0
′0′ ,Σ0
′1′ ,Σ1
′1′) be a basis of SD two-forms, and let Σ = ΣA
′B′piA′piB′ .
Definition 3.1 A solution to the hyper-Ka¨hler equations admits a symmetry if there exists a vector
field K on N together with a lift K˜ to SA′ over N such that LK˜Σ = 0.
Here the lift must be K˜ = K + φA
′
B′piA′∂/∂piB′ where φ
A′
B′ = − 12∇BB′KBA
′ − 12∇cKcεA
′
B′ according
to the standard theory of Lie derivatives of spinors, see [26].
We will use this also as a definition for symmetries of the hyper-Ka¨hler hierarchy where now
Σ will be the pull-back from twistor space to the spin bundle of the corresponding 2-form that is
homogeneous of degree 2n in piA′ .
Definition 3.2 A solution to the hyper-Ka¨hler hierarchy admits a symmetry if there exists a vector
field K on N together with a lift K˜ to SA′ over N such that LK˜Σ = 0.
Again, by homogeneity, we must have that the lift must be K˜ = K+φA
′
B′piA′∂/∂piB′ where φ
A′
B′ will
be determined by K.
In particular, K˜ is therefore in involution with the Lax distribution D so that it projects down
to a global holomorphic vector field K on the twistor space PT .
We can classify symmetries according to the extent to which they preserve the various structures
on SA
′
or on the twistor space. This is most easily seen by examining the vertical part φ =
φB
′
A′piB′∂/∂piA′ = K˜−K (where here K˜ denotes the horizontal lift ofK). The matrix φB
′
A′ generically
has two constant eigenvalues (the space-time must be of Petrov type N for non-constant eigenvalues
to be admissable).
1. K will be said to be tri-holomorphic if the eigenvalues of φB
′
A′ are equal. The projection of K˜
to the projective spin bundle, PSA
′
, is then horizontal, and the vertical part φ of K˜ on SA
′
is a multiple of the Euler homogeneity operator piA
′
∂/∂piA
′
, i.e., φB
′
A′ = µδ
B′
A′ . Equivalently, it
is tri-holomorphic if K is tangent to the fibres of the projection p : PT n 7→ CP1.
2. K is said to be Killing if the trace of φ vanishes, φA
′
A′ = 0. Then φ preserves the form piA′dpi
A′
on the spin bundle.
3. K is said to be a homothety if the trace of φ, φA
′
A′ is constant, i.e., LK˜εA
′B′piA′dpiB′ =
µεA
′B′piA′dpiB′ for some constant µ 6= 0.
In the case that the symmetry is not tri-holomorphic, we can further distinguish the case where
φ, on projection to the projective spin bundle, has one or two zeroes. In the single zero case in
particular, φB
′
A′ will not be diagonalizable. We will not pursue this distinction here but see [9, 7]
for a study of such symmetries on (+ +−−) hyper-Ka¨hler space.
3.1 Examples with triholomorphic Killing symmetry
We first consider well known reductions of the hyper-Ka¨hler equations, and then analogous reduc-
tions of the hierarchy.
3.1.1 Gibbons-Hawking metrics revisited.
The heavenly equation (2.8) with R(Θx) = Θz = 0 can be expressed as
dΘx ∧ dx ∧ dy + dw ∧ dΘx ∧ dΘy = 0. (3.14)
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Introduce p := Θx and perform a Legendre transform
F (p, y, w) := px(w, y, p))−Θ(w, z, y, x(w, y, p)).
Then x = Fp, Θy = −Fy and (3.14) yields the wave equation [11]
Fpw + Fyy = 0. (3.15)
Implicit differentiation gives
Θyy = −Fyy + Fpy
Fpp
, Θxy = −Fpy
Fpp
, Θxx =
1
Fpp
,
and so (with the help of (2.7) and (3.15))
g = Fpp(
1
4
dy2 + dwdp)− 1
Fpp
(dz − Fpp
2
dy + Fpydw)
2
= ψ(
1
4
dy2 + dwdp)− ψ−1(dz +Ω)2, (3.16)
where ψ = Fpp and Ω = Fpydw − (Fpp/2)dy satisfy the monopole equation ∗dψ = dΩ from (3.15).
Thus (3.16) is of the Gibbons-Hawking form [12].
The twistor description is as follows: the twistor coordinates pull back to the spin bundle as
ω0 = pi1′ [w + λy − λ2Θx + λ3Θz + ...] ,
ω1 = pi1′ [z − λx− λ2Θy − λ3Θw + ...] . (3.17)
The vanishing of Θz implies that the whole series for ω
0 truncates at 2nd order. Thus the twistor
space admits a global section of O(2), and this is the Hamiltonian with respect to Σ, for the
holomorphic vector field corresponding to the Killing field ∂z = K
AA′∂AA′ . Conversely, given a
tri-holomorphic symmetry, the tri-holomorphicity condition means that its lift to the spin bundle
M is horizontal and so on twistor space, the corresponding holomorphic vector field is tangent to
the fibres of µ. It also preserves Σ and so is Hamiltonian with Hamiltonian given by a homogeneity
degree-2 global function. We can choose ω0 to be this preferred section divided by pi1′ so that the
series for ω0 terminates after λ2.
Substituting the Legendre transform into (3.17) yields
ω0 = pi1′ [w + λy − λ2p], (3.18)
ω1 = pi1′ [z − λFp + λ2Fy + λ3Fw + ...] . (3.19)
With the definition Σ = dω0 ∧ dω1|λ=const the equation (3.15) can be rewritten as Σ∧Σ = 0. The
basis of SD two forms can be read off from Σ = ΣA
′B′piA′piB′ :
Σ0
′0′ = −dz ∧ dp+ dy ∧ dFp − dw ∧ dFy, Σ0′1′ = dz ∧ dy + dw ∧ dFp, Σ1′1′ = dz ∧ dw.
and these determine the metric above.
3.1.2 Triholomorphic symmetry reductions of the hierarchy
In this sub-section we shall generalize the construction of Gibbons-Hawking metrics described in the
last subsection, and generate solutions to the hyper-Ka¨hler hierarchy such that RnΘx = ∂1nΘ = 0.
These are the cases of a tri-holomorphic Killing symmetry.
Proposition 3.3 The Hyper-Ka¨hler hierarchy (2.9) with symmetry ∂Θ/∂x1n = 0 reduces (in ap-
propriate coordinates) to an overdetermined system of n(2n− 1) linear equations for F (t0, ..., t2n):
∂2F
∂ti+1∂tj
=
∂2F
∂ti∂tj+1
, i, j = 0, ...2n− 1. (3.20)
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Proof. Let PT n be the twistor space from Proposition 2.2, and let (ωnA, piA′) be homogeneous
coordinates1 on the neighborhood of piA′ = oA′ .
Now impose the symmetry condition, i.e., assume that RnΘx = ∂1nΘ = 0. Again, the vanising
of ∂1nΘ implies that the series (2.13) in λ for ω
0 truncates at degree 2n. [Thus, pin1′ω
0 is a
global holomorphic function of homogeneity degree-2n on PT n. Conversely, again, this symmetry
corresponds to a global holomorphic vector field on PT n that is vertical up the fibres of µ and
preserves Σ. It therefore is generated by a global Hamiltonian Q homogeneous of degree 2n, and
we can take as before ω0 = Q/pin1′ .]
We can now perform the Legendre transform
pi = ∂1iΘ i = 0, ..., n− 1, F (pj , x0j) =
n−1∑
i=0
pix1i(pj , x0j)−Θ(x0j , x1i(pj , x0j)), x1n = T.
(3.21)
Therefore ∂0iF = −∂0iΘ, ∂piF = x1i. Define 2n+1 functions (t0, ..., t2n) by
tn−i−1 = pi, i = 0, ..., n− 1 tn+i = x0i, i = 0, ...n.
This implies
ωn
0 = (pi1′)
n[t2n + λt2n−1 + ...+ λ2nt0]
ωn
1 = (pi1′)
n[T + λ
∂F
∂t0
+ λ2
∂F
∂t1
+ ...+ λ2n+1
∂F
∂t2n
+ ...] . (3.22)
(3.23)
The equations (3.20) arise from the vanishing of coefficient λ2n+2 in dωn
0 ∧ dωn1:
2n−1∑
i=0
dti ∧ d ∂F
∂ti+1
= 0.
It can also be verified by cross-differentiating that all integrability conditions for the system (3.20)
are satisfied. ✷
The geometry on twistor space can be understood as follows. The section Q of O(2n) generates
a Hamiltonian flow
K = εAB ∂Q
∂ωA
∂
∂ωB
, εAB = −εBA , ε01 = 1
on the extended twistor space PT n. This flow corresponds to KAA′1...A′n∂AA′
1
...A′n
= ∂/∂x1n on N .
Since Q is constant along K, the quotient space PT n/K is the total space of O(2n)→ CP1 where
the map to O(2n) is furnished by (ωA, piA′) −→ (Q, piA′).
The full twistor space PT n is an affine line bundle with trivial underlying translation bundle
and so it corresponds to an element G(Q, piA′) of H
1(O(2n),O).
Sections of O(2n) → CP1 are parametrised by C2n+1 with coordinates t = (t0, ..., t2n). The
2n+ 2 dimensional space of sections of PT n → CP1 maps onto this with fibre C parametrized by
T . Choosing linear coordinates up the line bundle η and η˜ over open sets U and U˜ , the problem of
lifting a curve Lt in O(2n) to one in PT n is one of finding a trivialization of the line bundle over
Lt, i.e. of finding functions g(t, piA′) and g˜(t, piA′) such that, on U ∩ U˜ , g− g˜ = G on restriction to
Lt where G is the log of the patching function for the line bundle, and therefore has homogeneity
degree zero. We can then take η = T + g. We can give a formula for g as
g(t, λ) =
∮
γ
G(t2n + ζt2n−1 + ...+ ζ2nt0, ζ)dζ/(ζ − λ) .
1In the previous section PT := PT 1 and ω
A := ω1
A correspond to the standard situation of the nonlinear graviton
construction.
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where the contour γ is taken in Lt ∩ U ∩ U˜ surrounding ζ in U . With an identical expression for
g˜ but with contour γ˜ such that γ − γ˜ surrounds ζ, we see that g − g˜ = G follows from Cauchy’s
integral formula. Then the expression for the expansion of the coordinate η = T + g about λ = 0 is
η = T +
∑
i=0
λi
∮
G(Q(t, ζ), ζ)dζ/ζi+1 .
It can then be seen that if we define
F (t) =
∮
Γ
G(t2n + λt2n−1 + ...+ λ2nt0, λ)
λ2
dλ .
then F clearly satisfies the equations of 3.20 and we obtain the expansions (3.22) for (ω0, ω1) =
(Q/pin1′ , pi
n
1′η). These can then be used to obtain concrete expressions for Σ = dω
0∧dω1 to determine
the geometric structures of the hyper-KA¨hler hierarchy.
Clearly we have:
Lemma 3.4 The full space of the hierarchy is foliated by hyper-Ka¨hler four-manifolds with xAi =
constant for i > 1 and metric
2dx10dx01 + 2dx11dx00 − 2 ∂
2Θ
∂(x10)
2 (dx
11)2 − 2 ∂
2Θ
∂(x00)
2 (dx
01)2 − 4 ∂
2Θ
∂x00∂x10
dx01dx11 . (3.24)
This gives a variant of the Legendre transform of Ivanov and Rocek [17] (see also [3]).
3.2 Example for n = 2
We saw above that for n = 1 the construction is equivalent to the Gibbons-Hawking anzatz. The
n = 2 case goes as follows:
Let Fi := ∂tiF . Implicit differentiation of ∂0iF = −∂0iΘ, ∂piF = x1i with respect to p0, p1, y
yields
Θxx = −F00
M
, Θxy =
−F01F02 + F00F12
M
, Θyy = −F22 − F00(F12)
2 − 2F01F12F02 + F11(F02)2
M
,
where M := (F01)
2 − F00F11. The metric (2.7) with x = x(ti), z = z(ti) is defined on the surface
F4 = 0. The formula for the metric in terms of F is not very illuminating, but we shall give it for
the sake of completeness:
g = M−1(F10Ndt
1dt2 + F00Ndt
0dt2 + F11(F01)
2(dt2)2 + F 311(dt
3)2 + 2F01(F11)
2dt2dt3
+2F01(F00)
2dt0dt1 + F 300(dt
0)2 + F00(F01)
2(dt1)2 + [F11N + F01F00F03]dt
1dt3
+[3F01F00F11 − (F01)3 + (F00)2F03]dt0dt3), (3.25)
where N := (F01)
2 + F00F11.
4 Hyper-Ka¨hler spaces with hidden symmetries
If we have a hyper-Ka¨hler space that embeds into a hyper-Ka¨hler hierachy that admits a symmetry
we will say that that the original hyper-Ka¨hler space admits a hidden symmetry.
The first question we wish to address is of how to recognise when a hyper-Ka¨hler space admits
such a hidden symmetry.
Proposition 4.1 If a hyper-Ka¨hler space M admits a hidden symmetry then it admits a solution
to the equation
∇(A(A′
1
K
B)
A′
2
···A′n)
= 0 (4.26)
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Proof: This result is most easily seen from the twistor theory. The symmetry vector K gives
rise to a global holomorphic vector field K on the twistor space for N , PT n. The twistor space
PT 1 for M is a region in the blowup of PT n at a number of points. Thus we have a map
p : PT 1 → PT n. So rather than consider K itself, we consider the 2-form K νn weight 2n + 2
where νn ∈ Γ(PT n,Ω3(2n+ 2)) is given by Σn ∧ piA′dpiA′ .
This 2-form can be pulled back to give p∗K νn a global 2-form of weight 2n+2 on the twistor
space PT 1 for M. This 2-form can then be pulled back to give a 2-form on the spin-bundle SA′
which must take the form
K νn = KAA′1···A′2n−1eA
′
2n
A piA′1 · · ·piA′2n ∧ piB′dpiB
′
+ χA′
1
···A′
2n
piA
′
1 · · ·piA′2nΣ1
for some KAA
′
1···A
′
2n−1 and χA′
1
···A′
2n
.
The condition that this 2-form descends to twistor space is the condition that
piA
′∇AA′ d(K νn) = 0.
This leads to equation (4.26) and
∇A(A′
1
KA′
2
···A′
2n)A
= χA′
1
···A′
2n
, ∇A(A′χA′
1
···A′
2n)
= 0 .
However, it can be checked that these two equations are a consequence of (4.26), if the first equation
is taken to be the definition of χA′
1
···A′
2n
. ✷
4.1 The case of a hidden tri-holomorphic Killing symmetry
The case of a hidden tri-holomorphic Killing symmetry reduces to linear equations and can be
worked through completely modulo some intergations and solving for implicit functions. This is
effectively the case studied by Ivanov and Rocek [17] and generalised by Bielawski [3].
In the tri-holomorphic Killing case, we have
Lemma 4.2 Suppose M admits a hidden tri-holomorphic Killing symmetry, then χA′
1
···A′
2n
= 0
and there exists a spinor φA′
2
···A′
2n
such that
∇AA′φA′
1
···A′
2n
= KA(A′
1
···A′
2n−1
εA′
2n)A
′
Proof: The vanishing of χA′
1
···A′
2n
= 0 follows from the fact that K is tangent to the fibres of
twistor space over CP1. The existence of φA′
1
···A′
2n
follows from the fact that K is Hamiltonian
with respect to the symplectic forms Σn up the fibres of µ and so is generated by a Hamiltonian
Q ∈ Γ(O(2n)). On pullback to the spin bundle Q = φA′
1
···A′
2n
piA
′
1 · · ·piA′2n and the condition that
Q descends to twistor space is piA
′∇AA′Q = 0 and this gives the equation above. ✷
The above lemma shows that a Killing spinor on an ASD vacuum determines a function Q
homogeneous of degree k on its twistor space PT . This in turn implies
Lemma 4.3 If an ASD vacuum space-time admits a Killing spinor, its twistor space PT is an
affine line bundle over O(k) with underlying translation bundle O(2− k).
Proof: The existence of a global twistor function homogeneous of degree k on PT gives a projection
onto p : PT → O(k). Furthermore the fibre is spanned by the Hamiltonian vector field of Q with
respect to Σ, in local coordinates,
K = εAB ∂Q
∂ωA
∂
∂ωB
.
This is a vector field with values in O(k − 2). This gives each fibre an affine linear structure which
is twisted globally by O(2 − k), since, if a is a local section of O(2 − k) over CP1, then aK is a
vector whose flows determine an action of C. Thus PT → O(k) is an affine line bundle over O(k)
with underlying translation bundle O(2 − k). ✷
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Such affine line bundles are classified by elements [f ] of H1(O(k),O(2 − k)). In a Cech
description, cover O(k) by open sets, Ui, and represent [f ] by its Cech representative fij ∈
Γ(O(2−k), Ui∩Uj). Then PT is constructed by patching together the total space of O(2−k)→ Ui
to O(2 − k) → Uj by translating the zero section by fij . The data [f ] therefore determines the
twistor space. This proves the first part of:
Theorem 4.4 There is a one-to-one correspondence between ASD vacuum space-times (M, g)
admitting a valence (0, k) Killing spinor and elements [f ] of H1(O(k),O(2 − k)).
In this case, for k ≥ 3, M admits a natural map into Ck+1 = ⊙kSA′ which we coordinatise with
tA
′
1···A
′
k . The hyper-ka¨hler space M is determined as a subset of Ck+1 by the k − 3 constraints
fA′
1
···A′
k−4
:=
∮
Γ
piA′
1
...piA′
k−4
f(Q, piA′)pi · dpi = 0.
The basis of SD two forms for g is then given by the restriction of the forms
ΣA
′
1B
′
1 = ψB′
2
...B′
k
A′
2
...A′
k−2
dtA
′
1...A
′
k ∧ dtB′2...B′kA′
k
, (4.27)
to M, where
ψA′
1
...A′
2k−4
=
1
2pii
∮
Γ
piA′
1
...piA′
2k−4
∂f
∂Q
pi · dpi (4.28)
is a field determined by an arbitrary element of H1(O(k),O(2 − k)).
Proof. If one wishes to obtain the space-time (M, g, ν) determined by a given a twistor space, the
first task is to locate the 4-dimensional family of sections of the fibration PT → CP1.
Let tA
′
1...A
′
k = t(A
′
1...A
′
k) be coordinates on the Ck+1 = ⊙kSA′ parameter space of sections
σt : piA′ → Q = tA′1...A′kpiA′
1
...piA′
k
∈ Γ(O(k)). Sections of PT → CP1 determine sections of O(k) by
projection onto O(k). However, the affine line bundle PT only admits a section over some σt if the
cohomology class [f ] vanishes on restriction to σt. If [f ] vanishes on restriction to σt, PT restricts
to become the line bundle O(2 − k) so that there is a 3− k-dimensional family of sections over σt
for 3− k > 0 or just the 0-section otherwise.
To obtain explicit formulae, we first note that [f ] determines a field
fA′
1
···A′
k−4
(tB
′
1···B
′
k) =
∮
γ⊂σt
piA′
1
· · ·piA′
k−4
fpiB′dpi
B′
on Ck+1 (here we express the natural pairing as a contour integral over some contour γt in σt where
here χ is a Cech representative). This vanishes at some tA
′
1···A
′
k iff [f ] vanishes on the corresponding
σt. Thus, for 3− k > 0,M is fibred over the zero set of χA′
1
···A′
k−4
in Ck+1 with 3− k-dimensional
fibres, and is simply identified with this zero set for k ≥ 3.
In order to calculate the SD 2-forms associated to the space-time, we use the method of Gindikin
[13], and pullback Σ to the spin-bundle. To this end, introduce local homogeneous coordinates
(piA′ , Q, ζi) = (cpiA′ , cQ, c
2−kζi) on each set Ui of some Stein cover twistor space; here ζi is a
fibre coordinate up the fibres of the affine line bundle PT → O(k) on Ui with patching relations
ζi = ζj + fij on Ui ∩ Uj . In these coordinates
Σ = dhQ ∧ dhζi ,
where dh denotes the exterior derivative in which piA′ is held constant, i.e., horizontal on the
spin bundle over space-time (although slightly confusingly, vertical with respect to the fibration
PT → CP1). This form Σ is globally defined on vector fields tangent to the fibres of PT → CP1
as fij does not depend on ζi.
In order to evaluate this, we need to find the values of ζi on the sections of PT → CP1. These
are obtained by a splitting formula due to Sparling.
On a σt for which fA′
1
···A′
k−4
(tB
′
1···B
′
k) = 0, we can find ζi(t, piA′) such that
ζi(t, piA′) = ζj(t, piA′) + fij(t
A′1···A
′
kpiA′
1
· · ·piA′
k
, piB′) . (4.29)
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For k ≥ 3 this solution will be unique, but for k < 3 we will be free to add xA′1···A′k−2piA′
1
· · ·piA′
k−2
to the solution.
In the formula for Σ we can rearrange so that we have
Σ = dhQ ∧ dhζi = dtA′1···A′k ∧ dh(piA′
1
· · ·piA′
k
ζi) .
Applying dh to equation (4.29), and multiplying by k − 3 of the pis, we obtain
dh(piA′
1
· · ·piA′
k−3
ζi) = dh(piA′
1
· · ·piA′
k−3
ζj) +
∂fij
∂Q
piA′
1
· · ·piA′
k−3
piB′
1
· · ·piB′
k
dtB
′
1···B
′
k .
The cocycle ∂fij/∂Q defines a class in H
1(O(k),O(2 − 2k)) so that the expression above takes
values in O(−1) on CP1 for each fixed t. Thus the splitting as stated exists and is unique since
H0(CP1,O(−1)) = H1(CP1,O(−1)) = 0. This gives
dh(piA′
1
· · ·piA′
k−3
ζi) = ki,A′
1
···A′
k−3
B′
1
···B′
k
dtB
′
1···B
′
k ,
where ki,A′
1
···A′
2k−3
is defined by the splitting relation
ki,A′
1
···A′
2k−3
− kj,A′
1
···A′
2k−3
= piA′
1
· · ·piA′
2k−3
∂fij
∂Q
or alternatively the contour integral formula
ki,A1′ ...A′2k−3 =
∮
Γi
ρA′
1
...ρA′
2k−3
1
pi · ρ
∂fij(Q, ρA′)
∂Q
ρ · dρ, (4.30)
where for simplicity we assume a two set cover and the contour γi is chosen so that γi−γj surrounds
pi = ρ. It follows that
ψA′
1
···A′
2k−4
= piA
′
2k−3kA′
1
···A′
2k−4
A′
2k−3
=
∮
γi
ρA′
1
...ρA′
2k−4
∂fij(Q, ρA′)
∂Q
ρ · dρ, (4.31)
is the field on Ck+1 naturally associated to ∂f/∂Q.
We therefore obtain the formula
Σ = dtA
′
1···A
′
k ∧ piA′
1
piA′
2
piA′
3
kA′
4
···A′
2k
dtA
′
k+1···A
′
2k .
Define the indexed 2-forms Σ(B
′
1B
′
2)|(A
′
5···A
′
2k) by2
dtB
′
1···B
′
3(A
′
4···A
′
k ∧ dtA′k+1···A′2k) = ε(A′4|(B′1ΣB′2B′3)|A′5···A′2k)C′
With this, we find that a piA′ is contracted onto ki,A′
1
···A′
2k−3
so that (4.31) gives
Σ = piA′
1
piA′
2
ψA′
3
···A′
2k−2
ΣA
′
1···A
′
2k−2
Thus, the result follows. ✷
Remarks
• If k > 3 then there exists a potential for ψA′
1
...A′
2k−4
;
ψA′
1
...A′
2k−4
= ∂A′
k−3
....A′
2k−4
fA′
1
...A′
k−4
,
where
fA′
1
...A′
k−4
=
∮
Γ
ρA′
1
...ρA′
k−4
fρ · dρ.
The space-time is a four-dimensional surface χA′
1
...A′
k−4
= 0 in k+1 dimensional moduli space
of O(k) sections coordinatized by xA′1...A′k .
2This indexed 2-form can be represented as
Σ(B
′
1B
′
2)|(A
′
5···A
′
2k) =
3k
2
dt
(B′1B
′
2)|(A
′
5···A
′
k+1
C′
∧ dtA
′
k+2···A
′
2k)C
′
+ akε
(A′5|(B
′
1ε
B
′
2)|A
′
6dt
A
′
7···A
′
k+1
C′D′E′
∧ dtA
′
k+2···A
′
2k)C
′
D
′
E
′
,
where ak is a conbinatorial constant depending on k.
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• k = 3 the field ψA′
1
A′
2
doesn’t have a potential, and no conditions have to be imposed to on the
moduli space ofO(3) to find the space time. This is becauseH0(CP1,O(3)) = H0(CP1,O(1)⊕
O(1)), and xA′1A′2A′3 has as many components as xAA′ . Ward [32] regards ψA′
1
A′
2
as a self-dual
Maxwell field on C4.
• The case k = 2 implies the existence of a tri-holomorphic Killing vector and was consider by
Tod and Ward in [31]. Now
ψ =
∮
Γ
∂f
∂Q
ρ · dρ
is a solution to the three-dimensional wave equation. The relation between our construction
and the description of the Gibbons-Hawking metric form Section 3.1.1 is given by
F (xA
′B′) =
∮
Γ
G(piA′ , Q)
(pi · o)2 pi · dpi, ψ = Fpp =
∮
Γ
(pi · o)2 ∂
2G
∂Q2
pi · dpi,
where
xA
′B′ :=
( −p y/2
y/2 w
)
.
4.2 Relation between the two constructions
In this section we relate the hyper-Ka¨hler slices (3.4) of the symmetric hierarchy introduced in §3
to the method described above.
Proposition 4.5 Let f ∈ H1(O(2n),O(2 − 2n)) give rise to the ZRM field (4.28) with k = 2n.
Then hyper-Ka¨hler metrics arising from Proposition 3.3, form a subclass of metrics from Proposi-
tion 4.4 if
F =
∮
Γ
(pi · o)−2G(Q, piA′)pi · dpi, where (pi · o)2 ∂G
∂Q
= f ∈ H1(O(2n),O(2 − 2n)),
where oA′ is a constant spinor.
Proof. Let (Q, piA′) be homogeneous coordinates on the total space of O(2n) bundle. Let us choose
a constant spinor oA′ and parameterize a section of the O(2n)→ CP1 by 2n+ 1 complex numbers
xA
′
1...A
′
2n =
∂2nQ
∂piA′
1
...∂piA′
2n
|piA′
i
=oA′ .
The coordinates xA
′
1...A
′
2n on C2n+1 correspond to t0, ..., t2n by
ti =
(
2n
i
)
xA
′
1A
′
2...A
′
2noA′
1
...oA′i ιA′i+1 ...ιA′2n(−1)n−i, i = 0, ..., 2n.
Define
∂
∂ti
= ιA
′
1 ...ιA
′
ioA
′
i+1 ...oA
′
2n
∂
∂xA
′
1
...A′
2n
.
Let
F =
∮
Γ
(pi · o)−2G(Q, piA′)pi · dpi, where (pi · o)2 ∂G
∂Q
= f ∈ H1(O(2n),O(2 − 2n)).
We have
fA′
1
...A′
2n−4
=
∮
Γ
piA′
1
...piA′
2n−4
fpi · dpi =
∮
Γ
piA′
1
...piA′
2n−4
(pi · o)2 ∂G
∂Q
pi · dpi
= oA
′
2n−3 ...oA
′
2n
∂
∂xA
′
1
...A′
2n
∮
Γ
(pi · o)−2Gpi · dpi = ∂F
∂xA
′
1
...A′
2n−40
′0′0′0′
.
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Therefore fixing fA′
1
...A′
2n−4
is equivalent to fixing ∂F/∂ti for i < 2n − 3. Moreover the global
twistor function is given by
Q = (ωn · ι)(pi · ι)n = (pi · ι)2n
2n∑
i=0
λit2n−i.
✷
5 ALE spaces revisited; Finite-Gap solutions of ASD vac-
uum equations
One way to generalise the Novikov construction of finite gap solutions of the Korteweg de Vries
equation to hyper-Ka¨hler equations would be to study solutions to (2.8) which are invariant under
three commuting hidden symmetries that we shall take to be tri-holomorphic:
∂T1 :=
k∑
i=1
ai
∂
∂ti
, ∂T2 :=
l∑
i=1
bi
∂
∂ti
, ∂T3 :=
m∑
i=1
ci
∂
∂ti
, where ai, bi, ci are constant,
and the propagation of Θ along the parameters ti is determined by the recursion relations (2.9).
This would reduce (2.8) down to an ODE.
Rather than performing the explicit reduction to an ODE, we see from the twistor picture that
the twistor space must have three projections onto the total space of the line bundle O(n) for three
values of n. Thus we have a map of the twistor space PT into O(p)⊕O(q)⊕O(r) and so PT can
be realized as a hypersurface in this space (although there may need to some blowup or resolution
of singularities where the map fails to be an embedding). If we realize PT as the zero set of a
function F taking values in a line bundle of degree s, then we must have, for rational curves to
have the appropriate normal bundle, that p+ q + r = 2 + s.
We will now see that the ALE hyper-Ka¨hler spaces falls precisely into this above class.
It is well know that hyper-Ka¨hler manifolds (M, g) which have the topology of R4 at infinity,
and approach the flat Euclidean metric η = dx1
2 + ...+ dx4
2 sufficiently fast, in the sense that
gab = ηab +O(r
−4), (∂a)
p(gbc) = O(r
−4−p), r2 = x21 + ...+ x
2
4 (5.32)
have to be flat. A weaker asymptotic condition one can impose on g is assymptoticaly locally
Euclidean (ALE).
The ALE spaces are non-compact, complete hyper-Ka¨hler manifolds which satisfy (5.32) only
locally for r → ∞. Globally the neighbourhood of infinity must look like S3/Γ× R, where Γ is a
finite group of isometries acting freely on S3 (a Kleinian group). These manifolds belong to the class
of gravitational instantons because their curvature is localised in a ‘finite region‘ of a space-time.
Finite subgroups of Γ ⊂ SU(2) correspond Platonic solids in R3. They are the cyclic groups,
and the binary dihedral, tetrahedral, octahedral and icosahedral groups (one can think about the
last three as Mo¨bius transformations of S2 = CP1 which leave the points corresponding to vertices
of a given Platonic solid fixed). Each of them can be related to a Dynkin diagram of a simple Lie
algebra. All Kleinian groups act on C2, and the ‘infinity‘ S3 ⊂ C2. Let (z1, z2) ∈ C2. For each
Γ there exist three invariants x, y, z which are polynomials in (z1, z2) invariant under Γ. These
invariants satisfy some algebraic relations which we list below:
Group Dynkin diagram Relation FΓ(x, y, z) = 0
cyclic Ak xy − zk = 0
dihedral Dk−1 x
2 + y2z + zk = 0
tetrahedral E6 x
2 + y3 + z4 = 0
octahedral E7 x
2 + y3 + yz3 = 0
icosahedral E8 x
2 + y3 + z5 = 0
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In each case
C
2/Γ ⊂ C3 = {(x, y, z) ∈ C3, FΓ(x, y, z) = 0}
The manifold M on which an ALE metric is defined is obtained by minimally resolving the sin-
gularity at the origin of C2/Γ. This desingularisation is achieved by taking M to be the zero set
of
F˜Γ(x, y, z) = FΓ(x, y, z) +
r∑
i=1
aifi(x, y, z),
where fi span the ring of polynomials in (x, y, z) which do not vanish when ∂xFΓ = ∂yFΓ = ∂zFΓ =
0. The dimension r of this ring is equal to the number of non-trivial conjugacy classes of Γ which
is k − 1, k + 1, 6, 7 and 8 respectively [5]. Kronheimer [18, 19] proved that for each Γ a unique
hyper-Ka¨hler metric exists on a minimal resolution M, and that this metric is precisely the ALE
metric with R4/Γ as its infinity. His construction was a combination of the hyper-Ka¨hler quotient
[16] with twistor theory.
In each case the twistor space is the three dimensional hyper-surface F˜Γ(x, y, z, λ) = 0 in the
rank-three bundle O(p) ⊕ O(q) ⊕ O(r) → CP1. Now x(λ) ∈ O(p), y(λ) ∈ Q(q), z(λ) ∈ O(r) are
polynomials in λ, fi = fi(x, y, z), and ai = ai(λ). Therefore
PT −→ O(p), PT −→ O(q), PT −→ O(r),
and Lemma 4.2 implies that the corresponding hyper-Ka¨hler metrics admits three commuting
hidden symmetries, and the heavenly equation (2.8) reduces to an ODE.
The degrees p, q and r are such that F˜Γ(x, y, z, λ) is a function homogeneous of some degree s.
Therefore
F˜Γ : O(p)⊕O(q) ⊕O(r)→ O(s).
To determine the integers p, q, r, s take the determinants of the above, and notice that the normal
bundle to an O(1)⊕O(1) section of PT −→ CP1 will have the Chern class p+ q+ r− s = 2. This
gives us the following
Ak PT = {(x, y, z, λ) ∈ O(k)⊕O(k) ⊕O(2) −→ CP1,
xy − zk − a1zk−2 − ...ak−1 = 0},
Dk−1 PT = {(x, y, z, λ) ∈ O(2k)⊕O(2k − 2)⊕O(4) −→ CP1,
x2 + y2z + zk + a1y
2 + a2y + a3z
k−2 + ...+ akz + ak+1 = 0}, (5.33)
E6 PT = {(x, y, z, λ) ∈ O(12)⊕O(8)⊕O(6) −→ CP1,
x2 + y3 + z4 + y(a1z
2 + a2z + a3) + a4z
2 + a5z + a6 = 0}
E7 PT = {(x, y, z, λ) ∈ O(18)⊕O(12)⊕O(8) −→ CP1,
x2 + y3 + yz3 + y2(a1z + a2) + y(a3z + a4) + a5z
2 + a6z + a7 = 0}
E8 PT = {(x, y, z, λ) ∈ O(30)⊕O(20)⊕O(12) −→ CP1,
x2 + y3 + z5 + y(a1z
3 + a2z
2 + a3z + a4) + a5z
3 + a6z
2 + a7z + a8 = 0}
Note that these spaces are not quite the full non-singular twistor space as there will be singular
points where F˜Γ vanishes together with its first derivatives. These singularities can, however, be
resolved, see [19].
We observe that these twistor spaces have projections onto O(2n) for 2n = p, q, r and this
corresponds to the existence of three independent commuting tri-holomorphic hidden symmetries.
The simplest description along the lines of §4 arises for the lowest value of n, i.e., when we project
onto the z coordinates in the above construction. It is clear from the above formulae that the fibres
of this projection are affine conics in the Ak and Dk cases, and affine elliptic curves in the Ek cases.
From now on we shall drop the subscript Γ, because the construction we shall describe applies
to all cases. These twistor spaces can all be described as affine line bundles over O(r) in effect by
uniformizing the affine conics or elliptic curves that make up the fibres of PT → O(r). The affine
line bundle is determined by a cohomology class in H1(O(r),O(2− r) which can be evaluated as a
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linear field on Cr+1. The ALE space can then be realised as (a branched cover of) the zero set of
this linear field in the real slice Rr+1 as in theorem (4.4).
To make the description more concrete, we now find a patching description of the relevant
cohomology class in H1(O(r),O(2 − r)). We exclude the curve(s) on which both F˜x = 0 and
F˜y = 0 so that we can cover the twistor space by the two open sets U, U˜ such that F˜x 6= 0 in U
and F˜y 6= 0 in U˜ . We use (y, z, λ) and (x, z, λ) as local coordinates in U and U˜ respectively. The
symplectic form Σ on each fibre of PT → CP1 is given by
dy ∧ dz
F˜x
in U, or
−dx ∧ dz
F˜y
in U˜ .
These arise from the formula Σ =
∮
dx∧dy∧dz/F˜ with the contour being a small circle surrounding
F˜ = 0. The global homogeneous function z gives rise to a homogeneity r − 2 Hamiltonian vector
field Xz tangent to the fibres of PT → O(r). From the formula Xz Σ = dz we deduce that
Xz = F˜x
∂
∂y
in U, Xz = −F˜y ∂
∂x
in U˜ .
We now introduce new coordinates (u, z, λ) and (u˜, z, λ) on U and U˜ respectively, where the fibre
coordinates in u in U → O(r) and u˜ in U˜ → O(r) satisfy Xz(u) = Xz(u˜) = 1. Therefore
u(y, z) =
∫ F˜x=1
σ
dy
F˜x
, u˜(x, z) = −
∫ F˜y=1
σ
dx
F˜y
for some σ, and the patching function is given on the overlap by
f(z, λ) = u− u˜ =
∫ F˜x=1
F˜y=1
dy
F˜x
. (5.34)
In the above formula x should be determined in terms of (y, z, λ) using F˜ = 0 before the integral
is evaluated. The upper and lower limits will then involve y = y(z, λ).
In the case of Ak ALE space we can assume that
3
zk + a1z
k−2 + ...+ ak−1 =
k∏
j=1
(z − pj(λ)), where pj ∈ Γ(O(2)).
A simple integration yields f = ln
∏k
j=1(z − pj(λ)), and from Proposition 4.5 we find
G =
k∑
j=1
(z − pj)(ln (z − pj)− 1).
For Dk−1 we can redefine z and aj to get rid of terms linear and quadratic in y, and write
F˜ = x2 − y2z −
k∏
j=1
(z − qj(λ)) where qj ∈ Γ(O(4)).
Now (5.34) yields
f =
1√
z
ln
(
z − 4z∏kj=1(z − qj(λ)))1/2 +√z(
1 + 4z
∏k
j=1(z − qj(λ))
)1/2 − 1 .
In the remaining cases E6, E7 and E8 the fibres of PT −→ O(r) are elliptic curves x2 = 4y2+g1y+g2
(in case of E7 one needs to redefine y, z, ai to obtain this canonical form). The periods g1, g2 are
3See [15] and [5] for further discussion of this point.
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polynomials in z of order less or equal to 5 which can be determined form (5.33). The fibres can
therefore be parametrised by the Weierstrass elliptic function. The cohomology class is represented
by an elliptic integral
f =
1
2
∫ y1
y0
dy√
4y3 + g1y + g2
,
where y1 and y0 are roots of 4y
3 + g1y + g2 − 1/4 = 0 and 12y2 + g1 − 1 = 0 respectively.
One can now, in principle, take these cohomology classes and integrate them to obtain a linear
field with r − 3 components on Cr+1 the vanishing of which will determine the complexified ALE
space as a submanifold. This above description is not completely satisfactory for two related
reasons. Firstly the description of the ALE space will not be global; the projection from the true
ALE space to Cr+1 can be many to one, and can have irregular values. Secondly, the limits of
integration above defining the cohomology classes actually branch and are not completely well
defined.
Further work is required to make this a useful description of ALE spaces. It seems likely that
these are the only complete hyper-Ka¨hler metrics with three tri-holomorphic hidden symmetries.
6 Hierarchies for the generalised conformal anti-self-duality
equations
In this section we extend the concept of a hierarchy from that of [8] for the 4-dimensional hyper-
KA¨hler equations to a generalisation of the conformal anti-self-duality equations (and in the process
give new and more geometric formulations for the hyper-Ka¨hler hierarchy than in [8]). The guiding
motivation for these definitions come from the twistor theory. However, we first define the various
concepts in space-time terms, and then discuss the twistor theory subsequently. We shall, for con-
venience, work in the holomorphic category. Real versions of the various structures and equations
can then be obtained subsequently by demanding the existence of an anti-holomorphic involution
σ fixing a real slice and with specified action on the various geometric structures.
We will abbreviate the term conformal anti-self-duality to CASD and generalised CASD to
GCASD. Unfortunately this terminology is non standard but is designed to be consistent with the
corresponding discussion for the anti-self-dual Yang-Mills equations given in [21]. The generalisation
of the CASD case is a mild generalisation of quaternionic structures discussed in [28] and have been
termed paraconformal structures, see [2] and Grassman structures, [1, 4] where many properties,
including the twistor theory, of these spaces are studied. Here we shall refer to them as generalised
CASD, GCASD, spaces. The hierarchies defined here are a special case of the P-structures of
Gindikin, [14] and references therein.
Definition 6.1 A solution to the GCASD hierarchy consists of the data (M, S, S˜, eAA′1···A′n) defined
as follows: M is a manifold of dimension r(n + 1), S and S˜ are vector bundles of rank r and 2
respectively, we use abstract indices A and A′ to denote membership of S and S˜ respectively; when
realised concretely, A = 0, 1, · · · , r − 1 and A′ = 0′, 1′. The indexed 1-form eAA′1···A′n , symmetric
over its primed indices, determines an isomorphism TM = S⊗⊙nS˜ at every point.
An element piA′ of S˜
∗ at m ∈ M determines an rn–plane element
z(m)pi = {V ∈ TmM, V eAA′1···A′npiA′
1
· · ·piA′n = 0}.
Such an rn-plane element will be said to be an α-plane element at m. An α-surface is an rn-
dimensional surface whose tangent space defines an α-plane element at each of its points.
The GCASD hierarchy equations are the requirement that there exists a full family of α-surfaces,
with a unique α-surface through each z(m)pi.
The notation derives from the identification of these bundles with the spin bundles of a conformal
structure in 4-dimensions, r = 2, n = 1. It will also be convenient to introduce a ‘clumped’ index
i for the n+1-dimensional vector space ⊙nS˜. When the indices are realised concretely by a choice
of a frame for S˜ with components labelled by 0 and 1, there is a standard correspondence between
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the ith component for the clumped index, and the component with i 1s and n − i 0s, so that i
naturally goes from 0 to n.
We now assume that we have a solution to the CASD hierarchy so that we have a full complement
of α-surfaces and that, shrinking M to a convex neighbourhood of a point if necessary, the space
of these α-surfaces is a manifold. We can then define
Definition 6.2 The space of such α-surfaces will be called the twistor space and is denoted PT .
Twistor space is an r + 1 dimensional complex manifold.
Theorem 6.3 The twistor space determines and is determined by the GCASD hierarchy. The
correspondence is stable under small deformations of the complex structure of PT or of the GCASD
hierarchy.
Proof: This is a straightforward extension of Penrose’s nonlinear graviton construction. The
correspondence can be studied by means of the double fibration
P S˜
pւ ց q
M PT .
Points m ∈ M correspond to rational curves Lm := q(p−1(m)) ≡ CP1 in PT . The normal
bundle of these rational curves is N = S ⊗ O(n) where O(n) is the line bundle of Chern class
n on CP1; this follows from the fact that, since the tangent space of z(m)pi is the kernel of
eAA
′
1···A
′
npiA′
1
· · ·piA′n , the section of the normal bundle corresponfing to a vector V can be iden-
tified with V eAA
′
1···A
′
npiA′
1
· · ·piA′n , a function with values in S with homogeneity n. However,
sections of O(n) can be identified with functions homogeneous degree n, and so the normal bundle
is S⊗O(n) as claimed.
With knowledge of the normal bundle, Kodaira theory can now be applied and shows that, since
H1(CP1, N) = H1(CP1, End(N)) = 0, the moduli space of curves has dim(H0(CP1, S ⊗ O(n)) =
r(n + 1) dimensions, contains M and TmM ≡ Γ(S ⊗ O(n)) ≡ S ⊗ ⊙nS˜. Points of PT clearly
then correspond to integrable α-surfaces in M. Kodaira theory also provides the stability of the
correspondence under small deformations. See [22, 23] for general constructions that apply to these
situations. ✷
Remark: The P-structures of Gindikin are more general but can be understood easily in this
context as arising naturally on moduli spaces of rational curves in some complex manifold whose
normal bundles are O(k1)⊕· · · O(kr) with the ki not being required to be equal. Such prescriptions
for the normal bundle are unstable under deformations of the underlying complex manifold unless
no two of the ki differ by more than one. Under deformations of the complex structure, in the
moduli space of such rational curves, the normal bundle will jump so that a dense open set will be
the stable case where the normal bundle will be E ⊗ O(k) ⊕ F ⊗ O(k + 1) with E and F trivial
bundles.
This additional generality can be important. For example, if we wish to discuss generalisations
of the Ward construction, the twistor space has the structure of a holomorphic vector bundle over
a lower dimensional space. In this case, the normal bundle of the rational curves along the fibres
is usually taken to have degree 0, whereas the normal bundle of its projection into the bases will
usually be required to have a higher degree normal bundle.
These geometric structures fall into the category of involutive G-structures studied by Merkulov
[22, 23]. In particular, one can exploit his theorems to deduce the existence of connections compat-
ible with the geometric structure. However, for the most part, they must have torsion, although
they fall into Merkulov’s category of ‘G-structures with very little torsion’, [23].
Lemma 6.4 For r ≥ 2, n ≥ 1, there exists connections on S and S˜ such that the induced connection
on TM has torsion with non-vanishing irreducible parts only in S⊗⊙2S∗⊗⊙n−2S˜ and S∗⊗⊙n−4S˜
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where we take ⊙nS˜ = C for n = 0 or zero for n < 0 . There exists a unique choice for such a
connections when n > 1 and unique up to a 1-form for n = 1 (which can be taken to be exact with
appropriate choices).
Proof: Merkulov reformulates the moduli spaces considered above as Legendrian moduli spaces
of holomorphically embedded CP1 ×CPr−1s in the projective cotangent bundle PT ∗PT of twistor
space. A rational curve, CP1 in PT determines its projective conormal bundle in PT ∗PT , i.e., the
1-forms up to scale that annihilate the tangent space of CP1. This correspondence is studied by
means of the following double fibration
P S˜× PS ⊂ P (T ∗M)
µւ ց ν
M P (T ∗PT ) .
Merkulov’s method uses the contact line bundle L which is the dual to the tautological line bundle
T ∗PT → P (T ∗PT ). On restriction to a CP1×CPr−1, it gives O(n, 1) where O(p, q) is the product
of the pullback of O(p) from CP1 with the pullback of O(q) frpm CPr−1.
Merkulov shows that the minimal torsion of an affine connection preserving the G-structure
(or obstruction to obtaining a torsion free connection preserving the tensor decomposition of the
tangent space) is then measured by a geometrically obtained class inH1(CP1×CPr−1, L⊗⊙2(J1L)∗)
and the freedom in the resulting connection is given by H0(CP1 × CPr−1, L⊗⊙2(J1L)∗).
These groups can be computed as follows. The first jet of a section of O(n), n 6= 0, at a point
of CPr−1 can be encoded into the derivative of a homogeneous degree n function with respect to
the r+1 homogeneous coordinates. The value of the function is then retrieved from this by Euler’s
homogeneity equations, piA∂f/∂piA = nf . Thus, the sheaf J
1L on CP1 × CPr can be understood
as the kernel
0→ J1L −→ S∗(n− 1, 1)⊕ S˜∗(n, 0) (piA,−piA′)−→ O(n, 1)→ 0
since in the third map, we are imposing the requirement that the Euler homogeneity relation for
each factor leads to the same value for f .
The cohomoolgy groups Hi(CP1 × CPr−1, L ⊗ ⊙2(J1L)∗) can therefore be calculated by con-
sideration of the long exact cohomology sequence arising from the short exact sequence
0 −→ S∗(−n, 0)⊕ S˜∗(1− n,−1) ⊙(piB ,piB′)−→ ⊙2S∗(−n, 1)⊕ S⊗ S˜(1− n, 0)⊕⊙2S˜(2− n,−1)
→ L⊗⊙2(J1L∗)→ 0
where piA and piA′ are the homogenous coordinates on CP
r−1 and CP1 respectively. ✷
Note that the Merkulov framework is not quite equivalent to ours in the sense that it only
requires knowledge of the total space P (T ∗PT ) but does not require that it be realised as the
projective cotangent bundle of some PT . The results are only inequivalent for r = 1, n < 3 and
r = 2, n = 1. In these cases the results are well known, for example, the full theory of the latter
case goes back to Penrose 1976, [25]. The Merkulov framework doesnt see the curvature conditions
that arise from existence of PT , but gives the correct result for the existence of and freedom in
choosing compatible torsion-free affine connections.
The cases r = 1 are also well known, but for n = 1, 2 do not fall satisfactorily into the Merkulov
framework. For n = 1, there is a projective structure, i.e., an equivalence class of torsion-free
connections that share the same unparametrised geodesics, with freedom given by a 1-form. For
n = 2 there exists a unique torsion-free connection compatible with a conformal structure. For
n = 3 the connection is still torsion-free, but not subsequently for higher n.
The general n = 1 case was studied in [28, 2]. It also follows from the calculations of [2] that
the torsion must be non zero for a non flat structure in the n > 1, r > 2 cases as a consequence of
the fact that in these cases the decomposition of the tangent space as a tensor product of S with
⊙nS˜ determines a paraconformal structure in which both factors have dimension greater than two,
and in that case the torsion-free condition implies flatness.
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Lemma 6.5 For r > 1, the requirement of uniqueness for the α surface through z(m)pi is redun-
dant.
Proof: The integrability equations in particular give a propagation equation for pi across the
α-surface. ✷
There are a number of specializations of the GCASD equations: hypercomplex, scalar-flat
Ka¨hler, Einstein, hyper-Ka¨hler. The hypercomplex and hyper-Ka¨hler cases have straightforward
extensions to the hierarchy.
• The hyper-complex case for r even, n = 1, where there exists a flat connection on S˜ such
that the distribution D on P S˜ is horizontal. This is equivalent to the existence of a fibration
PT 7→ CP1. This condition (flatness of the induced connection of 6.4 or a fibration of the
associated twistor space over CP1) can clearly be imposed consistently on any Mr,n to give
a hypercomplex hierarchy.
• In case of the hyper-Ka¨hler hierarchy, we require that there exists a connection compatible
with 6.4 that induces a flat connection on S˜ and preserves skew forms εAB on S and εA′B′
on S˜ such that the forms εABe
A(A′1···A
′
n ∧ eB′1···B′n)B are closed. This then implies that η =
εA
′B′piA′DpiB′ and η∧ εABpiA′
1
· · ·piA′neAA
′
1···A
′
n ∧piB′
1
· · ·piB′neBB
′
1···B
′
n descend to PT , in such
a way that η is the annihilator of an integrable distribution determining a fibration over CP1.
6.1 Reality structures
The imposition of reality conditions is standard; it is imposed by requiring the existence of an anti-
holomorphic involution σ on M that fixes a real slice and preserves the geometric structures (i.e.,
sends α-surfaces to α-surfaces). In the hyper-Ka¨hler case, we can talk in terms of the signature
of the associated metric (although the following conditions can be applied more generally). For
Euclidean signature, we require that it induces a quaternionic involution on S˜ given by σ2 = −1.
In particular there are no non-zero fixed points. It will then also induce a quaternionic involution
on S which will have to be even dimensional and we must also require that the Hermitian form
piApˆiBεAB be definite (it is trivially definite for r = 2). For non-Euclidean signature we can have
different signatures for piApˆiBεAB, or impose a conjugation whose action on S snf S˜ is an ordinary
complex conjugation.
The conjugation will also lead to an anti-holomorphic involution on the twistor space, without
fixed points in the quaternionic case, and with a fixed real slice otherwise. Points of the real slice
of M will then correspond to σ invariant rational curves.
6.2 Embedding into hierarchies
In the usual definition of a hierarchy, the hierarchy is an overdermined, but compatible system
of equations which contains the original system. A given solution to the original system may not
actually extend to a solution of the hierarchy in general (there can be obstructions, see p249 and
p253 footnote 2 of [21] for some discussion of this behaviour for the Drinfeld Sokolov hierarchies).
Furthermore, if such an extension does exist, it will not in general be unique without the imposition
of boundary conditions.
Our definition of a hidden symmetry in Section 4 require the existence of an extension of a
solution to the original equation to the hierarchy that happens to admit a symmetry, but only
when thought of as a solution to the hierarchy.
We state the embedding definition in slightly greater generality as for one hierarchy into another:
Definition 6.6 A solution Mr1,n1 to the GCASD hierarchy embeds into another solution Mr2,n2 ,
n1 < n2, r1 ≤ r2 if Mr,n1 embeds into Mr,n2 as a manifold in such a way that the α-surfaces of
Mr,n2 intersect Mr,n1 in the α-surfaces of Mr,n1 and all α-surfaces of Mr,n1 arise in this way.
Due to a remarkable theorem of Bernstein & Gindikin, [14], the twistor characterisation of such an
embedding in the most interesting case, r1 = r2, is remarkably simple:
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Theorem 6.7 (Bernstein & Gindikin) A solution Mr,n1 to the GCASD hierarchy embeds into
Mr,n2 iff the twistor space PT n1 for Mr,n1 is obtained from that, PT n2 for Mr,n2 by choosing
submanifolds Γ1, Γ2, · · · of codimension greater than one and S1, S2, · · · of codimension= 1 and
blowing up along each Γ1, Γ2, · · · and taking a branched covers branching with some multiplicity
over each Si.
In [8] (see also Section 3), we embedded M2,n1 into M2,n2 by blowing up the twistor space
PT n2 at one point n2 − n1 times.
Note that it is natural in the quaternionic cases, or in the hyper-CASD cases to require that
the additional structures be compatible. This is straightforward in the hypercomplex case in which
one wishes the embedded twistor space to inherit a fibration over CP1, but when line bundle valued
forms need to be pulled back also, there is the problem that the forms that have been pulled back
will in general take values in an inappropriate line bundle unless particular care has been taken.
6.3 Symmetries and hidden symmetries
We can define a symmetry for a GCASD structure to be the requirement that the twistor space
admits a global holomorphic vector field K. This will in turn determine global holomorphic vector
fields K˜ on the correspondence space and K on M, such that K˜ projects to K. The essential
requirement on K˜ will be that it preserves the twistor distribution and this will lead to a gener-
alisation of the conformal Killing vector equations on K whose precise form will depend on r and
n.
Clearly the concept of hidden symmetry can be applied as before but with greater generality;
a solution Mr,n admits a hidden symmetry if it can be embedded as above into an Mr,m that
admits an explicit symmetry. This will, as in the proof of proposition 4.1, lead to a global vector
field on PT r,n with values in a line bundle L of degree m − n (the restriction of the canonical
bundle of PT r,m tensored with the inverse of that of PT r,n). There will also be a generalisation
of theorem 4.4: this global vector field with values in L will lead to the realisation of PT r,n as
the total space of an affine line bundle, with underlying translation bundle L∗, over some reduced
twistor space which will generically be PT r−1,l where l = n+m/(r− 1), if l is an integer, although
if l is fractional, or in non-generic situations, the normal bundle of lines in the reduced twistor
space must be O(k1) ⊕ · · · ⊕ O(kr−1) with
∑
ki = (r − 1)n+m. Thus the original PT r,n with a
hidden symmetry can be determined in terms of a lower dimensional twistor space together with a
linear cohomology class on that space.
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Appendix
In four complex dimensions orthogonal transformations decompose into products of ASD and SD
rotations SO(4,C) = (SL(2,C)× S˜L(2,C))/Z2. The spinor calculus in four dimensions is based on
this isomorphism. We use the conventions of Penrose and Rindler [26]. The tangent space at each
point ofM is isomorphic to a tensor product of the two spin spaces T aM = SA⊗SA′ . Spin dyads
(oA, ιA) and (oA
′
, ιA
′
) span SA and SA
′
respectively. The spin spaces SA and SA
′
are equipped
with symplectic forms εAB and εA′B′ such that ε01 = ε0′1′ = 1. These anti-symmetric objects
are used to raise and lower the spinor indices via ιA = ι
BεBA, ι
B = εABιB Let ΓAB and ΓA′B′
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are the SL(2,C) and S˜L(2,C) spin connections. The curvature of the unprimed spin connection
RAB = dΓ
A
B + Γ
A
C ∧ ΓCB decomposes as
RAB = C
A
BCDΣ
CD + (1/12)RΣAB +Φ
A
BC′D′Σ
C′D′ ,
and similarly for RA
′
B′ . Here R is the Ricci scalar, ΦABA′B′ is the trace-free part of the Ricci
tensor Rab, and CABCD is the ASD part of the Weyl tensor
Cabcd = εA′B′εC′D′CABCD + εABεCDCA′B′C′D′ ,
and the two forms ΣA
′B′ span the three dimensional space of SD two forms.
Given a complex four-dimensional manifold M with curved metric g, a twistor in M is an
α-surface, i.e. a null two-dimensional surface whose tangent space at each point is an α plane(a null
two-dimensional plane with a SD bi-vector). There are Frobenius integrability conditions for the
existence of such α-surfaces through each α-plane element at each point and these are equivalent,
after some calculation, to the vanishing of the self-dual part of the Weyl curvature, CA′B′C′D′ .
Thus, given CA′B′C′D′ = 0, we can define a twistor space PT to be the three complex dimensional
manifold of α-surfaces inM. If g is also Ricci flat then PT has further structures which are listed
in the Nonlinear Graviton Theorem:
Theorem 6.8 (Penrose [25]) There is a 1-1 correspondence between complex ASD vacuum met-
rics on complex four-manifolds and three dimensional complex manifolds PT such that
• There exists a holomorphic projection µ : PT −→ CP1
• PT is equipped with a four complex parameter family of sections of µ each with a normal
bundle O(1)⊕O(1), (this will follow from the existence of one such curve by Kodaira theory),
• Each fibre of µ has a symplectic structure Σλ ∈ Γ(Λ2(µ−1(λ)) ⊗O(2)), where λ ∈ CP1.
To obtain real metrics on a real four-manifold, we can require further that the twistor space admit
an anti-holomorphic involution.
The correspondence space F = M × CP1 is coordinatized by (x, λ), where x denotes the
coordinates on M and λ is the coordinate on CP1 that parametrises the α-surfaces through x in
M. We represent F as the quotient of the primed-spin bundle SA′ with fibre coordinates piA′ by
the Euler vector field Υ = piA
′
/∂piA
′
. We relate the fibre coordinates to λ by λ = pi0′/pi1′ . A form
with values in the line bundle O(n) on F can be represented by a homogeneous form α on the
non-projective spin bundle satisfying Υ α = 0 , LΥα = nα.
The correspondence space has the alternate definition
F = PT ×M|Z∈lx =M× CP1
where lx is the line in PT that corresponds to x ∈ M and Z ∈ PT lies on lx. This leads to a
double fibration
M p←− F q−→ PT . (6.35)
Points inM correspond to rational curves in PT with normal bundle OA(1) := O(1)⊕O(1). The
normal bundle to lx consists of vectors tangent to x (horizontally lifted to T(x,λ)F) modulo the
twistor distribution. We have a sequence of sheaves over CP1
0 −→ D −→ C4 −→ OA(1) −→ 0.
The map C4 −→ OA(1) is given by V AA′ −→ V AA′piA′ . Its kernel consists of vectors of the form
piA
′
λA with λA varying. The twistor distribution is therefore D = O(−1) ⊗ SA and so there is a
canonical LA ∈ Γ(D⊗O(1)⊗SA) given by LA = piA′∇AA′ . The projective twistor space PT arises
as a quotient of F by the twistor distribution. Functions on F which are constant along LA′ are
called twistor functions.
22
References
[1] Akivis, M. (1980) Nets and almost Grassmanian structures. Proc Nat. Acad. USSR, 252,
2, 267-70.
[2] Bailey, T.N., and Eastwood, M.G. (1991) Complex Paraconformal manifolds, their differ-
ential geometry and twistor theory, Forum Math. 3, 61-103.
[3] Bielawski, R. (2001) Twistor Quotients of Hyper-KA¨hler Manifolds, World Sci. Publishing,
River Edge, NJ.
[4] Bielawski, R., and Calderbank, D. Hypercomplex manifolds with symmetry, preprint.
[5] Brieskorn, E. (1970) Singular elements of semisimple algebraic groups, Actes Congres In-
tern. Math. vol 2, 279-284.
[6] Boyer, C.P. & Pleban´ski, J.F.(1985) An infinite hierarchy of conservation laws and nonlinear
superposition principles for self-dual Einstein spaces, J. Math. Phys. 26, 229-234.
[7] Dunajski, M. (2002) Anti-self-dual 4-manifolds with a parallel real spinor, R. Soc. Lond.,
Proc Ser. A, Math. Phys. Eng. Sci., 458, 2021, 1205-22.
[8] Dunajski, M.& Mason, L.J. (2000) Hyper-Ka¨hler Hierarchies and their twistor theory
Comm. Math. Phys 213 641-672
[9] Dunajski, M., Mason, L.J., & Tod, K.P. (2001) Einstein–Weyl geometry, the dKP equation
and twistor theory J. Geom. Phys. 37, 63-92.
[10] Dunajski, M. & Tod K.P. (2001) Einstein–Weyl Structures from Hyper–Ka¨hler Metrics
with conformal Killing Vectors, Diff. Geom. Appl. 14, 39-55.
[11] Finley, J.D. & Pleban´ski, J.F. (1979) The classification of all H spaces admitting a Killing
vector, J. Math. Phys. 20, 1938.
[12] Gibbons, G.W. & Hawking S.W. (1978) Gravitational multi-instantons, Phys. Lett. 78B,
430-432.
[13] Gindikin, S. (1982) Bundles of differential forms and the Einstein equation, Nuclear Phys.
36, 2(8), 537-48.
[14] Gindikin, S. (1990) Generalized conformal structures, in Twistors in Mathematics and
Physics, eds Bailey, T.N. & Baston, R.J., LMS lecture notes series 156, CUP.
[15] Hitchin, N. (1979) Polygons and gravitons, Math. Proc. Camb. Phil. Soc. 85, 456-476.
[16] Hitchin, N.J., Karlhede, A., Lindstrom, U.& Rocek, M. (1987) Hyper-Khler metrics and
supersymmetry, Comm. Math. Phys 108 535–589.
[17] Ivanov, I. T.& Rocek, M. (1996) Supersymmetric sigma-models, twistors, and the Atiyah-
Hitchin metric Comm. Math. Phys. 182 291-302.
[18] Kronheimer, P. (1989) The Construction Of ALE Spaces As Hyper-Ka¨hler Quotient,
J.Diff.Geom. 29 665
[19] Kronheimer, P. (1989) A Torelli Type Theorem For Gravitational Instantons, J.Diff.Geom.
29 685
[20] Lindstrom, U. and Rocek, M. (1988) New hyper-Ka¨hler metrics and new supermultiplets
Comm. Math. Phys., 115 21-29.
[21] Mason, L.J., and Woodhouse, N.M.J. (1996) Integrability, Self-duality and Twistor theory,
LMS Monograph, CUP.
[22] Merkulov, S. (1997) Existence and geometry of Legendre Moduli spaces, Math. Zeitschrift,
226, 211-65.
[23] Merkulov, S. (1997) Affine connections on involutive G-structures, Geometry and Physics
(Aarhus, 1995), 261-74, Lecture Notes in Pure and Appl. Math., 184, dekker, New York.
[24] Novikov, S.P. (1974) The periodic problem for the Korteweg–de Vries equation, Func. Anal.
Appl. 8 236-246.
23
[25] Penrose, R. (1976) Nonlinear gravitons and curved twistor theory, Gen. Rel. Grav. 7, 31-52.
[26] Penrose, R. & Rindler, W. (1986) Spinors and Space-Time, Vol 1, 2, CUP.
[27] Pleban´ski, J. F. (1975) Some solutions of complex Einstein Equations, J. Math. Phys. 16
2395-2402.
[28] Salamon, S.M. (1982) Quaternionic Ka¨hler manifolds, Invent. Math. 67, 143-71.
[29] Strachan, I.A.B. (1995) The Symmetry Structure of the Anti-Self-Dual Einstein Hierarchy,
J. Math. Phys. 36, 3566-3573.
[30] Takasaki, K. (1989) An infinite number of hidden variables in hyper-Ka¨hler metrics, J.
Math. Phys. 30 1515-1521.
[31] Tod, K.P. & Ward, R.S. (1979) Self-dual metrics with self-dual Killing vectors Proc. R.
Soc. A368 411-427.
[32] Ward, R.S. (1978) A class of self-dual solutions of Einstein’s equations Proc. R. Soc. A363
289-295.
24
